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We present a method for describing and characterizing the state of N experimentally indistin-
guishable particles, that is to say particles that cannot be individually addressed due to experimental
limitations. The technique relies upon a correct treatment of the exchange symmetry of the state
among experimentally accessible and experimentally inaccessible degrees of freedom. Our technique
is of direct relevance to current experiments in quantum optics like [1, 2, 3], for which we provide a
specific implementation.
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Recent advances in quantum optics have made it pos-
sible to create tailor-made quantum states of light very
different from those found in nature. There has been
extensive study of such states which include squeezed
light and Fock states. More recently, states have been
made which create superpositions of non-classical states
in more than one mode. Such states include the so-called
NOON states, superpositions of having some fixed num-
ber N of photons in one of two modes and none in the
other, polarization squeezed states[4] and Dicke states[5].
These quantum states of light are of interest in many
areas of modern quantum mechanics, particularly quan-
tum metrology[6] and lithography[7] since they have been
shown to exhibit interferometric super-resolution limited
by the Heisenberg uncertainty principle rather than the
classical shot-noise limit[8].
Alongside the advances in generating such states con-
siderable work has been devoted to characterizing them.
These characterizations employ two different descriptions
of the state: Wigner and other quasi-probability function
descriptions[9] and histogram-based density matrices[10,
11]. Underlying either of these descriptions is an as-
sumption about the quantum state being measured. It
is assumed that the photons occupy modes which dif-
fer in some measurable way like polarization, but which
are identical in all other ways. This condition is often
described as having a system of “indistinguishable pho-
tons.” Subject to this restriction, the Wigner function
and density matrix descriptions are capable of describ-
ing some experimental imperfections of the state, those
which cause errors in the number of photons in each mode
or in the phase between the various number states. In
general, however, experimental imperfections can also vi-
olate the indistinguishability assumption, by producing
photons in modes which differ in their unobserved de-
grees of freedom. For example, in a pulsed experiment
it is common to assume that all photons have the same
pulse envelope, so that they are ‘identical’ in the time
degree of freedom. However if the photons have expe-
rienced different delays or dispersion or were generated
at different sources then there may be timing differences
between them that will be ‘hidden’ from measurements
performed only on the ‘visible’ spatial or polarization de-
grees of freedom.
One might think that such hidden differences would
only affect the characterization through a loss of coher-
ence between the experimental degrees of freedom; sur-
prisingly this is not the case. Hidden differences can also
affect measurements on the visible degrees of freedom
through their influence on allowed exchange symmetries
leading to effects which we described in a previous paper
as distinguishability (as opposed to decoherence)[11].
In that paper we demonstrated the most complete
characterization possible of the polarization state of two
otherwise experimentally indistinguishable photons. In
this paper we extend this result to any number of photons
and to any number of hidden modes. We determine how
the number of elements in the density matrix description
scales with the number of photons in the state and we
present a method for making the necessary tomographic
measurements using currently available techniques. The
measurements we propose uncover all information about
the state obtainable by making measurements on the vis-
ible degrees of freedom. Our approach could be applied
to any other experimental system involving a fixed num-
ber of particles in modes made up of hidden and visible
degrees of freedom.
The key to our approach is to separate the state ex-
plicitly into hidden and visible parts and to examine the
constraints placed on the visible part of the state by the
requirement that the combined state be bosonic, that is
to say that it be invariant under exchange of the par-
ticles. Often in the literature states are written in a
way that does not make the bosonic symmetry of photon
states explicit. For example, one might write the polar-
ization state of two photons as |HV 〉, which is not ob-
viously exchange-symmetric. In such a description the
order of the two labels implies the existence of a de-
gree of freedom other than polarization, say different
spatial modes a and b. The full bosonic state needs to
2be symmetric under exchange of both spatial and po-
larization degrees of freedom and would be written as
|ψ1〉 = (|HV 〉 |ab〉+ |V H〉 |ba〉) /
√
2. Here the first ket in
each term is that of the visible degree of freedom and the
second of the hidden.
When the spatial modes are ‘hidden’, that is to say
they are not resolved by the detection apparatus, we can
trace out the spatial degree of freedom to obtain a density
matrix in the visible degree of freedom that we call the
experimental density matrix ρexp
ρexp = Trhid [ρ] . (1)
When this procedure is applied to ρ = |ψ1〉 〈ψ1| we obtain
a mixed density matrix in polarization, namely




|HV 〉 〈HV |+ 1
2
|V H〉 〈V H| (3)
This is experimentally distinguishable from the symmet-
ric state (|HV 〉 |aa〉+ |V H〉 |aa〉) /√2 that one obtains
if the photons really are in the same hidden state; the
distinguishing feature being the population of the singlet
state (|HV 〉 − |V H〉) /√2, a measurable quantity which
makes up one element of the experimental density ma-
trix. Thus the presence of hidden degrees of freedom
may be inferred from measurements performed only on
the visible degrees of freedom.
Mathematically our approach is to consider the Hilbert
space of the photons as a tensor product of a Hilbert
space describing the visible degrees of freedom and an-
other describing the hidden degrees of freedom. Since the
bosonic symmetry of the state is central to our descrip-
tion we will employ the Schur-Weyl duality to make clear
the action of permutations on the state.
The Schur-Weyl duality [12] asserts that there is a one-
to-one correspondence between the irreducible represen-
tations (irreps) of the unitary and permutation group
actions on the tensor product of the Hilbert spaces of N
particles. That is to say, states in such a tensor product
space have simultaneously good unitary and permuta-
tion quantum numbers. In what follows we adopt most
of the notation used in reference [13], where more details
of this duality can also be found. These irreps are given
by partitions λ of the integer N , which are in turn given
by Young diagrams with N boxes [14]. Denote by Qdλ a
Hilbert space carrying the qdλ irrep of the unitary group
U(d), (the superscript is necesary because irreps from dif-
ferent unitary groups can have the same partition label
λ), and by Pλ a Hilbert space carrying the pλ irrep of
the symmetric group SN of permutations.
A single particle that transforms as the defining d-
dimensional U(d) irrep, with partition λ = (1), trans-
forms trivially under the one-element permutation group
S1. We therefore write the Hilbert space for this particle
as Qd(1) ⊗ P(1), where P(1) is a trivial one-dimensional
permutation carrier space.
The Hilbert space of N such particles can be Schur
decomposed as
(Qd(1) ⊗ P(1))⊗N =
⊕
λ
Qdλ ⊗ Pλ , (4)
where λ runs over all partitions of N with d or fewer
rows in their Young diagram. Permutations act trivially
on Qdλ while unitary transformations act trivially on Pλ.
Now consider a system of N particles, each of which
has visible and hidden degrees of freedom. Let the
Hilbert space for the visible degrees of freedom of a single
particle be d-dimensional, thus comprising a ‘qudit’. Let
the Hilbert space for the hidden degrees of freedom of
each particle be D-dimensional. D is assumed arbitrar-
ily large but finite. The combined Hilbert space for the













where both λ and λ′ are allowed partitions of N .
If the particles are bosons, the complete state of the
system must be a totally symmetric element of Hvis ⊗
Hhid. Equation (5) indicates that in order to construct
such states, we need to consider tensor products of SN
irreps labeled by λ and λ′. The decomposition λ ⊗ λ′ =
µ ⊕ µ′ ⊕ · · · in SN contains the totally symmetric one-
dimensional identity irrep µ = (N) if and only if λ′ = λ,
and it contains this irrep only once.
For a state of bosons, therefore, a single index λ can be
used to label both the hidden and the visible degrees of
freedom. Let {|λ, qdλ, pλ〉} be a basis for the visible space,
then {|λ, qDλ , pλ〉} is a basis for the hidden space. The
labels qdλ = 1, 2, · · · , dimQdλ and pλ = 1, 2, · · · , dimPλ
index bases for the unitary and permutation spaces re-
spectively. For each λ, qdλ and q
D
λ the unique combined
totally symmetric state that carries irrep (N) in the ten-





|λ, qdλ, pλ〉 |λ, qDλ , pλ〉 . (6)
















|λ, qdλ, pλ〉 |λ, qDλ , pλ〉 , (7)













Of course Hhid is not experimentally accessible, and so
given a general totally symmetric state of this form, our










































is an independent, measurable quantity. Indeed they rep-
resent a complete set of measurements in the sense that











are equally weighted over the per-
mutation index pλ — this is a manifestation of the fact
that measurements cannot resolve individual SN states
for a given qdλ and q
′d
λ , only their sum. The total num-
ber of experimentally accessible density matrix elements
is seen to be
∑
λ(dimQdλ)2, (unless D < d in which case
there are restrictions stemming from the disallowed λ).
As an example, takeN = 3 polarization qubits (d = 2).
There are two viable partitions: λ = (3) ↔ , with
dimQ2(3) = 4 and dimP(3) = 1; and λ = (21) ↔
with dimQ2(21) = 2 and dimP(21) = 2. The most general
totally symmetric combined state is, letting qdλ = q, q
D
λ =



















|(21), q, p〉 |(21), Q, p〉 , (10)















|(21), q, p〉 〈(21), q′, p| . (11)
Since polarization transforms under U(2), we can use
the familiar Clebsch-Gordan machinery to rewrite the
states in (11). The first sum corresponds to the sym-
metric space of states spanned by
|(3), 1, 1〉 = |HHH〉 , (12)√
3 |(3), 2, 1〉 = |HHV 〉+ |HVH〉+ |V HH〉 , (13)√
3 |(3), 3, 1〉 = |V VH〉+ |V HV 〉+ |HV V 〉 , (14)
|(3), 4, 1〉 = |V V V 〉 . (15)
The second concerns states orthogonal to the symmetric
states. There are four such states, namely
√
6 |(21), 1, 1〉 = |HHV 〉+ |HVH〉 − 2 |VHH〉 , (16)√
2 |(21), 1, 2〉 = |HHV 〉 − |HVH〉 , (17)√
6 |(21), 2, 1〉 = |V V H〉+ |V HV 〉 − 2 |HV V 〉 , (18)√
2 |(21), 2, 2〉 = |V V H〉 − |V HV 〉 . (19)
For these four states, however, there are only four mea-
surable quantities B
(21)
q,q′ because the available measure-
ments cannot distinguish states that only differ in their
permutation properties. No measurement of polariza-
tion alone can distinguish (17) from (16) or (19) from
(18). By the same token there is no polarization mea-
surement whose outcome could possibly depend on the
distinct character of (17) and (16) or (19) and (18), so no
generality is lost in treating states with the same value
of q but different values of p as a single state and putting
the four matrix elements B
(21)
q,q′ into a single 2 × 2 block
in the density matrix. It is also clear from equation (11)
that the density matrix cannot contain any information
about coherences between subspaces with different values
of λ since any such coherence will be eliminated by the
trace over the hidden degrees of freedom.
For each λ there will be as many measurable quanti-





. For U(2) we can label irreps Q2λ
with different values of total ‘angular momentum’ from
j = N/2 to 0 (1/2) for N even (odd). The structure
of the density matrix is therefore block diagonal with a
(2j + 1)× (2j + 1) submatrix for each value of j. It fol-





= (N + 1) (N + 2) (N + 3) /6 (20)
As might be expected, the number of accessible measure-
ments scales polynomially inN rather than exponentially
as it does for distinguishable particles.
One of the main reasons for characterizing an exper-
imentally generated polarization state is to substantiate
claims that a particular quantum state of light has been
achieved. For nearly all quantum protocols only the sym-
metric states will be useful since all the other states
involve unwanted correlations with the hidden degrees
of freedom which by definition cannot be manipulated.
Usually one makes the claim that all the photons in the
state are ‘indistinguishable’ in the hidden degrees of free-
dom, meaning that they all occupy the same hidden state.
Our technique provides the first general method for ver-
ifying this claim. If, when the experimental density ma-
trix is measured, all the population is found to be in the
symmetric space then it must be true that the hidden
degrees of freedom are also in symmetric states. If, in
addition, the purity of the visible state is unity then the
hidden degrees of freedom must all be in the same sym-
metric state. If the photons were independently produced
then this means that they are all in the same hidden
state[18], and so they may be called ‘indistinguishable’
in the usual sense of the word.
Having described the properties of the N -photon ex-
perimental density matrix, we now go on propose a sys-
tem capable of measuring it. Such a device involves four
different optical elements, a quarter wave-plate, a half-
waveplate, a polarizing beamsplitter (PBS) and number-
resolving photon counters (such as the one demonstrated
in [15]) at the two ports. The multiphoton polarization
state passes through the two waveplates and on to the
PBS where it is split into H and V components. The
4number of photons in each port is then measured with
the number-resolving single photon detector.
If there are N photons in the state then there are N+1
different ways that these can split between the H and V
ports of the polarizing beamsplitter. When the photons
leaving each port are counted the measurement imple-
mented will be a convex sum of projectors onto all states
having that number of horizontal and vertical photons.
For example, PN = |HH · · ·H〉 〈HH · · ·H|, PN−1 =
(|V H · · ·H〉 〈V H · · ·H |+ |HV · · ·H〉 〈HV · · ·H|+ . . .)
and so on.
In angular momentum languagePN is a pure projector
onto the state j = N/2, m = N/2. By changing the
angles of the waveplates one can ‘orbit’ this measurement







of the symmetric states. PN−1
is a convex sum of projectors onto all states with m =
N/2 − 1. Since the j = N/2, m = N/2 − 1 projection
has already been measured it can be subtracted off PN−1
leaving a projector with support only in the j = N/2− 1
subspace. By changing the waveplate angles one can use
this to completely characterize the j = N/2 − 1 space.
One can then subtract the j = N/2 and j = N/2 − 1
terms from the m = N/2−2 operator, and so on. In this
way all the terms in the experimental density matrix can
be measured.
We have outlined a procedure for measuring the state
of a system of photons spread over several experimen-
tal modes which may be entangled with hidden degrees
of freedom. Our technique should be used to justify
claims of production of ‘indistinguishable’ photons. It
is the most complete description of the state possible
some degrees of freedom are hidden, and in particular
it gives a more complete description of the state than
previous characterization techniques such as those em-
ployed in [10], [3] or [16]. In addition to being complete,
this characterization also has the advantage of produc-
ing a density matrix that can be used in the usual way
to predict the outcome of all measurements. We expect
this method to become the standard means of character-
izing states of indistinguishable photons spread among
a few modes just as quantum state tomography[17] has
become the standard means of characterizing distinguish-
able photons. Indeed since the number of accessible mea-
surements for experimentally indistinguishable photons
only grows polynomially with the number of photons in
the state, our technique should prove useful for much
larger systems of photons than state tomography does
for distinguishable photons. Our technique is not limited
to tensor products of U(2) systems like polarization. Us-
ing the Schur-Weyl duality we can connect permutation
irreps to unitary irreps for any n level system, thereby
learning about hidden degrees of freedom from measure-
ments done on the visible ones.
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